We propose an all-optical scheme to probe the dynamical correlations of a strongly-interacting gas of ultracold atoms in an optical lattice potential. The proposed technique is based on a pump-and-probe scheme: a coherent light pulse is initially converted into an atomic coherence and later retrieved after a variable storage time. The efficiency of the proposed method to measure the two-time one-particle Green function of the gas is validated by numerical and analytical calculations of the expected signal for the two cases of a normal Fermi gas and a BCS superfluid state. Protocols to extract the superfluid gap and the full quasi-particle dispersions are discussed.
I. INTRODUCTION
Many-body quantum systems exhibit truly remarkable features such as high-temperature superconductivity and the fractional quantum Hall effect. Traditionally, these phenomena are studied in the solid state. However, in recent years dilute, yet strongly interacting, atomic gases have started providing a novel class of systems to investigate this fascinating physics. Their outstanding cleanliness, control, and precise microscopic understanding will push forward the fundamental understanding of quantum many-body physics [1] .
Strongly interacting atomic quantum gases are generally prepared by trapping atoms in vacuum in a magnetic or optical potential. This offers two remarkable opportunities: Firstly, a superb isolation from the environment opens the door to fascinating experiments out of equilibrium to investigate genuine quantum dynamics. Secondly, a variety of coherent optical processes are available to selectively probe the quantum system without being disturbed by a surrounding bulk medium. In particular, these optical detection techniques can provide repetitive and almost non-destructive in-situ measurements [2, 3] . The combination of these two features makes ultracold quantum gases ideal systems to study the non-equilibrium and dynamic properties of isolated quantum many body systems. However, the experimental study of these properties requires the development of novel detection schemes that are sensitive to a wider variety of observables of the quantum gas, e.g. its multi-time correlation functions.
The prime example of an atomic quantum system mimicking the physics of the solid state are interacting fermionic atoms in artificial lattices structures, the so called optical lattices [4] . The preparation of strongly correlated states in an optical lattice will allow for an analog simulation of complex quantum many body Hamiltonians. Recently, evidence for the stabilization of a Mott-insulating phase has been obtained by looking at density related quantities of the gas [5] [6] [7] [8] . The identification and characterization of more complex quantum phases requires, however, the measurement of time-resolved single-particle correlation functions, also called Green functions, of the form ψ † σ,r (t)ψ σ ′ ,r ′ (t ′ ) . Here ψ ( †) σ,r (t) is the annihilation (creation) operator for the internal atomic state σ at position r and time t. The single-particle two-time correlation function reveals profound information about the macroscopic coherence and decoherence of the systems and keeps track of the subtle properties of quantum phases which are not densityordered, e.g. the existence of quasi-particles in a strongly correlated Fermi liquid. This same correlation function plays a even more crucial role in the case non-equilibrium situations: as the most celebrated example, the particular relaxation behaviour of glasses is almost invisible in one-time correlations, while it can be followed in full detail by measuring the twotime ones [9] .
Up to now, the single particle equal time correlation function out of equilibrium was investigated for bosonic atoms [10] . For fermions, only the energy resolved correlation function of an equilibrium state has so far been probed by momentum-integrated [11] [12] [13] [14] [15] [16] and momentum resolved [17, 18] radio-frequency or two-photon spectroscopy. A more elaborated scheme for the detection of the two-time correlation function based on the immersion of a ion into quantum gases has been proposed in [19] .
Here, we propose an all-optical pump-and-probe scheme to extract quantitative information on the microscopic physics of a Fermi gas and in particular on its two-time correlation functions. A pump sequence firstly brings the system into a quantum superposition of its initial state and an excited state. The response of the system to a second probe pulse sequence is then measured after a variable time delay. In this way, information on the time evolution of the atomic two-time correlations is converted into easily detectable observables, such as the intensity and the phase of the outgoing light.
From an alternative point of view, our scheme can be seen as an application of light storage techniques [20] [21] [22] to the diagnostic of many-body systems: a coherent pulse of light is stored in a quantum gas and retrieved at a later time after a variable interval. Information on the system is extracted from the properties of the retrieved light. Differently from standard light storage experiments where it is a purely detrimental effect, decoherence of the stored pulse as a function of storage time is in our scheme the crucial tool to obtain information on the many-body dynamics of the underlying quantum gas.
The structure of the paper is the following. In Sec.II the measurement schemes are introduced and analytical expression relating the observed signal to the many-body observables are given. In Sec.III an application to a fermionic system is discussed in detail and experimental protocols to extract the superfluid gap and the full quasi-particle dispersions of a BCS superfluid are outlined. Conclusions and future perspectives are given in Sec.IV. Even though the application scope of our measurement procedure is much wider, we focus our attention here onto the case of fermionic atoms in a two-dimensional lattice geometry. This geometry lies at the heart of quantum simulations with the aim of exploring the mechanisms underlying high-temperature superconductivity [23] . A tight optical confinement potential freezes the atomic motion into a single xy plane. Additionally, a periodic optical lattice potential is applied along the x and y directions to generate a twodimensional lattice structure [24] .
II. THE MEASUREMENT PROCEDURE
The gas consists of a mixture of atoms in two hyperfine ground states g and g ′ that feel an identical confinement potential. Our all-optical probing scheme involves three atomic levels (g, e, and m) arranged in a Λ scheme as schematically shown in Fig. 1 . The m state is a long-lived electronic ground state whereas the e state is an electronically excited state. With a suitable choice of polarization and frequency, the g ′ atoms experience a negligible coupling to the pump and probe light fields.
The diagnostic scheme (Fig. 2 ) starts with the creation of a coherent excitation by adiabatically switching on a laser of (spatially uniform) Rabi frequency Ω in 2 and then a weaker collinear laser of (spatially dependent) Rabi frequency Ω 1 (r) [25] . The two beams are then suddenly and simultaneously switched-off. The frequency ω 1,2 of the beams are chosen to be resonant with the g → e and m → e transitions, respectively. To ensure adiabaticity of the preparation stage, the switch-on of the two lasers has to be performed on a timescale long as compared to the internal atomic dynamics and to the Rabi frequencies
On the other hand, the switchoff has to be much faster than all these frequencies.
Provided the whole excitation stage takes place on a fast time scale as compared to the many-body dynamics, the atomic position can be considered as fixed and the optical process described by a single atom picture where the atomic |g state is adiabatically transformed into a dark state [26] [27] [28] [29] 
which is fully decoupled from the excitation lasers. All other bright eigenstates are energetically separated and do not get mixed with the dark state provided the switch-on phase is performed in a slow enough manner. Assuming that the phase of the Ω 1,2 Rabi frequencies (once the carriers at ω 1,2 are eliminated) is constant during the whole sequence, the global Berry phase
acquired by the atom during the adiabatic evolution is easily shown to vanish. In the |Ω 1 | ≪ |Ω in 2 | limit under investigation here, the effect of the excitation stage on the initial many-body state |φ 0 in the lattice representation can be expressed as the transformation:
Here, theψ σ,ri (ψ † σ,ri ) lattice operators destroy (create) a fermionic atom in the σ = g, m state at the lattice site r i , respectively. Ω 1,2 are the Rabi frequencies in the lattice representation. Initially, only the g and g ′ states are assumed to be occupied.
The use of a locally focused laser of amplitude Ω 1 (r) on the g → e transition allows one to selectively address a well defined region of the sample. The space selection is useful to eliminate inhomogeneous broadening effects due to the spatially varying density in e.g. trapped systems [30, 31] . If no spatial selection is performed, the final signal would include the contributions of different regions of the system.
Once the two beams are switched off, the system evolves according to its many-body Hamiltonian for a storage time t s from the state |φ d to the new many-body state
where U mb (t s ) is the many body time-evolution operator and the system Hamiltonian involves three contributions: H 0 is the Hamiltonian acting on the states g and g ′ , H m the Hamiltonian of the atoms in the m state, and H int contains the interaction processes between the g, g ′ and m states. This timeevolution will change the coherence between g and m present in the prepared dark state. The g, m coherence remaining at the end of the storage time is finally probed.
The detection of the remaining coherence can be achieved by different schemes: Either a fast π pulse is applied to coherently transfer all atoms from the m to the e state and then coherent photons emitted on the e → g transition are detected. Or the excitation is slowly released by means of a weak field of frequency ω 2 and Rabi frequency in the continuum Ω out 2
≪ γ e that transfers the atoms adiabatically from the m state into a coherent superposition of m and e. In both cases, the electric dipole that is responsible for the emission at frequency ω 1 on the e → g transition is proportional to the coherence between the g and m atomic states,
The constant D depends on the details of the process and determines the duration in time τ r of the released pulse τ −1 r = γ e |d eg /D| 2 , where γ e is the radiative decay rate of e state atoms. In the π pulse case, the constant D is equal to the electric dipole matrix element between the state g and e, D = d ge . In the case of a slow release, D is approximately given by D = 2iΩ out 2 d ge /γ e . In order for the many-body dynamics not to interfere with the release process, the time duration τ r of this latter has to be shorter than the characteristic time scales of the many-body dynamics.
The near field pattern of the emitted light amplitude is determined by the expectation value of the local dipole operator on the final state |φ(t s )
We switch now to the lattice representation by relating the field operators in the continuum to the lattice operators via the Wannier functions w σ (r) as followingψ σ,r = i w σ (r − r i )ψ σ,ri . We checked numerically that for tight atomic Wannier functions on deep lattices, we can keep only the terms with Wannier factors taken at the same sites and neglect all other contributions. This leads to the following expression for the dipole operator
Inserting into (8) 
m,rj (0)ψ g,rj (0)|φ 0 (9) that only involves a time-dependent correlation function taken on the initial many-body state |φ 0 .
As no atoms are initially present in the m state, the initial many-body state |φ 0 exactly factorizes in a complex manybody state for the g, g ′ subspace and vacuum for the m one. Assuming that the few atoms that are transferred into the m state during the preparation stage do not significantly interact with the majority of atoms left in the g, g ′ states [18, 32, 33 ] allows us to neglect the m − g, g ′ interaction term of the Hamiltonian H int in (4) and write the time-evolution operator U mb in the factorized form U mb (t s ) = e −iH0ts/ e −iHmts/ . As a direct consequence, the Heisenberg evolution of thê ψ m,ri (t) operator is only determined by the H m part of the evolution operator, while theψ g,ri (t) andψ g ′ ,ri (t) operators evolve with the many-body H 0 Hamiltonian in the g, g ′ space. These simple facts allow one to rewrite the dipole expectation value in the final form:
where all the expectation values are to be evaluated on the initial many-body state before the preparation stage, with no occupation in the m state. In particular, the m state propagator describes the free-particle evolution in the lattice potential. The far-field pattern in a directionθ is proportional to the spatial Fourier transform of d(r, t s ) evaluated at a wavevector k equal to the projection of the emission wavevectorθ ω 1 /c along the xy plane. Here, c is the velocity of light. This leads to the following expression for the far-field emission amplitude at a distance R = Rθ:
where ω m (q) is the free-particle dispersion of m state atoms in the lattice potential and the coefficient C k is defined as
Invariance under translations along the plane guarantees that the coherent emission amplitude in theθ direction, i.e. with an in-plane wavevector k, only depends on the incident probe amplitude Ω 1 (k) at the same k. Here we have set Ω 1 (k) = j Ω 1 (r)e −ik.rj , we have definedψ g,q = (N ) −1/2 jψ g,rj e −iq.rj , and we have used a lattice with N sites neglecting boundary effects. The factor W (k) = d 2 rw * g (r)w m (r)e −ik.r is a slowly varying envelop stemming from the tight atomic Wannier functions.
Expression (11) relates the coherent amplitude E out θ (t s ) of the released light to the time-dependent one-body Green function of a generic many-body gas. It is one key result of the present paper. In the limiting case ω m (q) = ω o m where the m atoms do not appreciably move during the time t s , the far-field amplitude (11) can be further simplified into the form (13) which only involves the local value of the Green function of g atoms.
Experimentally, the coherent E out θ amplitude can be measured by homodyne detection of the emission with a stronger reference beam at ω 1 . The intensity and phase of E out θ is inferred from the amplitude and phase of the oscillations in the interference signal as a function of the mixing phase. This procedure requires coherence at the g → m frequency which can be easily achieved if all Ω 1 , Ω in,out 2 fields are obtained from a single laser source.
Another quantity of interest is the total (i.e. coherent and incoherent) intensity pattern in either the far-or the near-field. Differently from the coherent amplitude (11), these involve higher order correlations of the many-body gas. For instance, the near-field dipole pattern I(r) = d † (r)d(r) reads:
For a localized beam Ω 1 (r j ), the I(r) signal is proportional to a fixed envelope determined by the motion of atoms in the m state times a two-body Green function of g atoms. The correlation function of the g state can be understood as measuring the density at time t s at site r i if one has removed an atom at time 0 at site r j . This scheme looks promising e.g. to follow the dynamics of holes in anti-ferromagnetic states [35, 36] .
III. APPLICATION TO BCS SUPERFLUID
In order to demonstrate the efficiency of the proposed detection technique, we now calculate the signal that is expected for a weakly attractive, unpolarized two-component Fermi gas in an optical lattice at half filling. In particular we show how the proposed method is able to identify a superfluid state and its quasiparticles from the measured two-time correlation function.
In the normal state, the dispersion relation of quasiparticles is given by the free-particle dispersion in the lattice. Here we take the tight-binding form ω g,g ′ ,m (q) = ω In the superfluid state, the quasiparticle dispersion predicted by BCS theory consists of two branches E ± q = ± [ ω g (q)] 2 + ∆ 2 separated by a gap of amplitude 2∆. The one-body Green function G g (q, t) = ψ † g,q (t)ψ g,q (0) for the BCS phase reads [34] 
The Bogoliubov coefficients are defined as u
and the Fermi distribution as f (E) = (1 + e E/kB T ) −1 . ω mf is the mean-field shift [39] . In what follows, we shall focus our attention on low temperature T for which the upper branch E + q is almost empty and can be neglected. Under such an assumption the emission amplitude (11) becomes
Its Fourier transform with respect to the storage time t s has the form
For each value ω s of the frequency, the signal comes from the wavevectors q which fulfill
In the following we will neglect the contributions by ω o m −ω mf since these can be eliminated in the homodyne detection [40] . Several regimes can be identified depending on the value of the hopping ratio r = J m /J g . Experimentally, the hopping amplitudes can be varied within some range by tuning the frequency and polarization of the lattice beams, or, if necessary, by using more complex multi-photon transitions instead than the simple Raman scheme discussed so far.
A. Small hopping ratio r ≪ 1
The physics is the simplest in the r ≪ 1 case where the atoms in the m state do not move during the experiment and the emission amplitude is determined by the local Green function (13) . As one can see in Fig. 3 , the emission amplitude for a superfluid state as a function of storage time t s shows a slowly decaying oscillation at a low frequency determined by the BCS gap ∆. On top of this slow oscillation, faster and quickly decaying oscillations are visible at frequencies on the order of the Fermi energy (i.e. the band width J g ). The long lasting, slow oscillations are a signature of the superfluid state. They disappear in a normal state where one is left with fast and quickly decaying oscillations.
This physics is easily understood looking at the corresponding frequency spectra plotted in Fig. 4 . In the limiting case r → 0, the spectrum recovers the density of states for quasiparticles. In the normal state, the spectrum has a broad shape extending up to ω max = 4J g (1 − r) and showing a singularity at ω s = 0 as a consequence of the perfect nesting of the square Fermi surface at half-filling. In the superfluid state, the dominant feature is the peak at ω s ≃ ∆ that limits the spectrum from below and from which the BCS gap is immediately extracted. In this state the upper limit of the signal is shifted to ω max = −4rJ g + 16J 2 g + ∆ 2 . The coherent emission spectra in the case of equal hopping amplitude r = 1 show a rich structure that strongly depends on the wavevector k (Fig. 5) . Even if the physics is somehow more involved than in the r ≪ 1 case considered in the previous subsection, still the observed signal can be used to obtain useful information on the many-body system, e.g. its superfluid gap.
Let us first focus on the coherent emission in the k = 0 direction. At the lower boundary a large signal is found at ω min ≈ (∆ 2 /4J g )/2 for ∆ ≪ 4J g (see the inset) which originates from quasiparticles at q = 0. The long tail that appears at high frequencies past ω s = ∆ is a direct consequence of the smearing out of the Fermi surface on an energy scale ∆ in the BCS state.
The emission spectrum in the direction along the diagonal of the Brillouin zone k = (k, k) with k = π/2a (a is the lattice constant) is characterized by two peaks and a broad background with quite sharp edges: most visible is the strong peak at ω s = ∆ that originates from the divergence of the density of states at the Fermi level in a BCS state. This peak persists for different values of k (cf. Fig. 5 k = π/4a) and its position can be used to experimentally measure the amplitude ∆ of the gap.
C. High hopping ratio r ≫ 1
We conclude our study with a brief account of the case of a high hopping ratio r ≫ 1. Examples of spectra for r = 3 are plotted in Fig. 7 ): in particular, they show a clear peak at ω s = ∆ independent of the direction of the light. This distinctive feature allows for a direct measurement of the gap amplitude ∆.
Furthermore, the full dispersion of the BCS quasiparticles E − q can be extracted from the position of the lower edge of the spectrum. For r ≫ 1 the r-dependent term in Eq. (14) dominates and determines the q values that correspond to the spectral edges: the contribution of quasi-particles with momentum q = −k determines the sharp lower edge at
The dependence of the lower spectral edge on the emission direction (k = k x = k y ) is shown in Fig. 6 for different values of r and compared to the quasi-particle dispersion. While the agreement is limited to the special points k = 0, π/2a for r = 1, it quickly improves for larger r; a reasonably accurate image of the quasi-particle dispersion around k = 0, π/2a is already recovered for r 3.
IV. CONCLUSIONS AND PERSPECTIVES
In summary, we have proposed a novel all-optical, spatially selective and almost non-destructive technique to probe in situ the microscopic many-body dynamics of a gas of interacting ultracold atoms. The technique is inspired to recent light storage experiments and is based on the creation of an atomic coherence by coherent absorption of a pump laser pulse and its later retrieval after a variable storage time: information on the many-body dynamics of the quantum gas is extracted from the amplitude and coherence properties of the retrieved light. Differently from most previous measurement schemes, the use of a spatially localized pump spot will allow to individually address the different coexisting quantum phases that can appear in a trapped system.
The efficiency of the proposed measurement scheme is tested on the specific, analytically tractable example of a twodimensional BCS superfluid. Protocols to extract the superfluid gap and the quasi-particle dispersion are presented, which take into account some most significant difficulties that arise from the internal structure of the atoms.
As our scheme consists of the measurement of two-times correlation functions, it is expected to be of great utility in the study of the non-equilibrium dynamics of a quantum system: on one hand, its almost non-destructive nature suggests that a series of many measurements can be performed at a high repetition rate without significantly perturbing the system dynamics. On the other hand, the observed quantities play a crucial role in the characterization of relaxation dynamics [9, 38] : for instance,they may serve to identify the glassiness of a system in the presence of disorder [9] .
Future work will investigate the extension of the method to more complex, three-dimensional geometries: differently from the two-dimensional geometry considered so far, this requires a careful treatment of light propagation across a bulk sample in both the excitation and the retrieval stages. Preliminary work in this direction has appeared as [37] .
